This note introduces the notion of a hyperdecidable pseudovariety. This notion appears naturally in trying to prove decidability of the membership problem of semidirect products of pseudovarieties of semigroups. It turns out to be a generalization of a notion introduced by C. J. Ash in connection with his proof of the \type II" theorem.
Introduction
A typical problem in nite semigroup theory consists in nding e ective procedures to test membership in a pseudovariety. A pseudovariety for which such a procedure exists is said to be decidable.
Pseudovarieties are often de ned in terms of generators. For instance, the join V _ W and the semidirect product V W of the pseudovarieties V and W are the classes of all divisors respectively of direct prodcuts S T and semidirect products S T with S 2 V and T 2 W. The search for a uniform solution for such problems has been mostly abandoned since Albert, Baldinger and Rhodes 1] gave an example of a nite set of identities (whose satisfaction is therefore easily testable) de ning a pseudovariety whose join with the pseudovariety of all nite commutative semigroups is not decidable. Although in the same paper it is announced a similar negative result for semidirect products, to the best of our knowledge no con rmation of that statement has yet been published.
Nevertheless, many ad hoc decidability results have been obtained in recent years. See 24, 3] for some of them and for references. Many other, as proposed say in 27] , remain open.
Several techniques have been developed for obtaining decidability results. Along the lines leading to the present paper, deserve special mention derived categories of relational morphisms 28], free and free pro nite objects 3], and a rst synthesis of these tools found in 9]. A similar approach to Mal'cev products has been explored in 25] .
The main theorem of 9] gives a basis of pseudoidentities for a semidirect product V W depending on a basis of semigroupoid pseudoidentities for V and the knowledge of certain types of pseudoidentities holding in W. Up to the present work, that theorem had been used essentially to
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obtain decidability results through the explicit calculation of bases of pseudoidentities. Here, such a calculation is avoided leading to new general decidability results. This also leads to a new strong form of decidability property which we call hyperdecidability.
The weaker notion of strong decidability (or computable pointlike sets 17]) was already studied in some detail in Henckell's thesis and in 4].
It turns out (Theorem 7) that a pseudovariety of groups is hyperdecidable if and only if inevitability with respect to it of certain nite labeled graphs in a sense introduced by Ash 11] is decidable. So, in particular, from Ash's results it follows that the pseudovariety G of all nite groups is hyperdecidable. Via a compactness argument, hyperdecidability admits a simple formulation in terms of free pro nite objects (Proposition 3) thereby providing a link with pseudoidentities. The most general decidability result in this paper (Theorem 12) establishes the decidability of a semidirect product V W when W is hyperdecidable, the semigroupoid pseudovariety gV generated by V is decidable and gV has a basis of pseudoidentities over graphs on at most n vertices, where n is a given integer. It is left as an open problem whether this bound condition on gV may be dropped. If the answer were a rmative, then this would have important consequences namely for the problem of decidability of the (Krohn-Rhodes) group complexity of a nite semigroup. A further application of hyperdecidability is given concerning joins (Theorem 15).
Preliminaries
This section introduces brie y most essential preliminaries. For further details and in general for background and unde ned notation, see 28, 3, 8, 9 ].
All algebraic structures considered in this paper are nonempty. For a semigroup S, we denote by S 1 the smallest monoid containing S. We say that a semigroup S divides a semigroup T if S is a homomorphic image of a subsemigroup of T. A pseudovariety (of semigroups) is a class of nite semigroups which is closed under taking nitary direct products and divisors.
For a pseudovariety V of semigroups, the free semigroup on a nite set X in the variety generated by V is denoted by X V. In particular, in the case of the pseudovariety S of all nite semigroups, this semigroup is often denoted by X + . The semigroup X V is endowed with a metric structure by letting, for u; v 2 X V, d(u; v) = 2 ?r where r is the minimum cardinality of a semigroup in V failing the identity u = v if such a semigroup exists, with d(u; v) = 0 otherwise. The completion of X V with respect to this metric is denoted X V.
A pro nite semigroup is a semigroup endowed with a compact Hausdor zero-dimensional topology with respect to which multiplication is continuous. Equivalently, a pro nite semigroup is a pro nite limit of nite semigroups 22, 2] . A pro nite semigroup S is pro-V for a pseudovariety V if continuous homomorphisms into members of V su ce to separate points of S, nite semigroups being endowed with the discrete metric. The semigroup X V turns out to be the free pro nite semigroup on the set X relative to the pseudovariety V. The universal property characterizing this object is the following: given a mapping ' : X ! S with S a pro-V semigroup, there is a unique continuous extension to a homomorphism' : X V ! S. For a pseudovariety V, we denote by p V the canonical mapping' : X S ! X V extending the natural mapping ' : X ! X V. For convenience, we further extend this notation by denoting, for a subset L of X S, by L p V the topological closure of Lp V in X V.
A pseudoidentity is a formal equality = with and both in some nitely generated free pro nite semigroup X S. The pseudoidentity = is said to hold in a nite semigroup S if, for every mapping ' : X ! S, ' = '. For a set of pseudoidentities, ] ] denotes the class of all nite semigroups in which all pseudoidentities from hold. It is easy to see that ] ] is a pseudovariety and Reiterman 26] showed that every pseudovariety is of this form.
Given two semigroups S and T and a monoid homomorphism ' from T 1 into the monoid of all endomorphisms of S, the semidirect product S T is the semigroup on the set S T whose operation is given by (s 1 ; t 1 ) (s 2 ; t 2 ) = (s 1 t 1 s 2 ; t 1 t 2 ), where t 1 s 2 denotes the result of applying to s 2 the endomorphism corresponding to t 1 under '. The semidirect product V W of two pseudovarieties V and W is the class of all divisors of semidirect products S T with S 2 V and T 2 W. It is easy to verify that V W is again a pseudovariety and it is well-known that is an associative operation on pseudovarieties of semigroups.
By a graph we mean a set A = V (A) E(A) with two sorts of elements, respectively vertices and edges (or arrows), and two operations ; ! : E(A) ! V (A) giving, respectively, the beginning and the end of an edge. A semigroupoid is a graph S endowed with an associative partial multiplication on edges where, for s; t 2 E(S), st is de ned exactly when s! = t . A category is a semigroupoid C possessing a local identity at each vertex, i.e., for each vertex v 2 V (C), there is an edge 1 v with both ends at v such that, whenever the products are de ned in C, s1 v = s and 1 v t = t. For a semigroupoid S, we denote by S c the smallest category containing S, which is obtained by adjoining a local identity at each vertex which does not already possess one.
Semigroups are viewed as semigroupoids by considering all elements as loops at the same vertex. A (pseudo)variety of semigroupoids is a class of ( nite) semigroupoids containing the semigroupoid with just one vertex and one edge and which is closed under taking ( nite) divisors and ( nitary) products and coproducts. The pseudovariety of all nite semigroupoids will be denoted by Sd.
Let V be a pseudovariety of semigroups. Its global is the pseudovariety gV of semigroupoids generated by the members of V viewed as semigroupoids. Its local is the pseudovariety`V of semigroupoids consisting of all nite semigroupoids all of whose local semigroups lie in V. We say that V is local if gV =`V.
For a pseudovariety V of semigroupoids and a nite graph A, the free semigroupoid on the graph A in the variety generated by V is denoted by A V. Just as in the case of semigroups, one may de ne a completion A V of this semigroupoid to obtain a relatively free pro nite semigroupoid. Pseudoidentities and their satisfaction in semigroupoids are also de ned similarly, with the di erence that it is important to mention the underlying graph, and so they will be denoted (u = v; A). We will require the following results from 9]. Proposition 1 9, Proposition 3.8]. Let W be a nitely generated pseudovariety of semigroups, S a nite semigroup, X a set such that S is X-generated, U the pseudovariety of semigroups generated by S, and let (u = v; A) be a semigroupoid pseudoidentity over a nite graph A. Then If V is a pseudovariety of semigroups and S is a nite semigroup, then we say that an S-labeling ' of a nite graph A is V-inevitable if, for every relational morphism : S ! T with T 2 V, there is a consistent T-labeling of A which is -related with '. For a class C of labelings of nite graphs by nite semigroups, the pseudovariety V is said to be (right) C-hyperdecidable or hyperdecidable with respect to C if there is an algorithm testing whether a given arbitrary element of C is V-inevitable. The pseudovariety V is said to be (right) hyperdecidable if it is hyperdecidable with respect to the class of all labelings of nite graphs by nite semigroups.
In case we only consider graphs A with two vertices v 1 and v 2 and all edges going from v 1 to v 2 , and S-labelings ' of A with v 1 ' = 1 and v 2 ' 2 S, then we say that V is strongly decidable if it is hyperdecidable with respect to the class of such labelings. One can easily check that such a graph labeling ' is V-inevitable if and only if, for every relational morphism : S ! T with T 2 V, the labels of v 2 and of the edges are all -related with the same point of T. Following John Rhodes' terminology (cf. 17]), the latter condition means that the set of those labels is V-pointlike. Thus strong decidability of V means the existence of an algorithm to test whether a given subset of a given nite semigroup is V-pointlike. Clearly every hyperdecidable pseudovariety is also strongly decidable.
Another restricted form of hyperdecidability which is of interest is obtained by considering the class of all labelings by nite semigroups of nite graphs with at most n vertices. A pseudovariety which is hyperdecidable with respect to this class is said to be n-hyperdecidable. Given a semigroup S, its dual S is the semigroup whose multiplication table is obtained from that of S by transposition. The dual of a pseudovariety V is the pseudovariety V consisting of all dual semigroups S with S 2 V. A pseudovariety is self-dual if it coincides with its dual. Since every group is anti-isomorphic with itself, every pseudovariety of groups is self-dual. We say that a property of pseudovarieties is self-dual if, whenever it holds in a pseudovariety V it also holds in the dual V . The notion of a C-hyperdecidable pseudovariety is not self-dual, at least not straight out of the de nition. Since it seems to be quite hard to give examples of either hyperdecidable or non-hyperdecidable pseudovarieties, it is probably a di cult open problem to determine whether hyperdecidability is actually a self-dual property.
The connection between V-inevitability of a graph labeling and pseudoidentities is based on the following result and involves a compactness argument similar to an argument used in 9]. This result extends 25, Theorem 3.3].
Proposition 3. Let Let : S ! T be the relational morphism given by = ?1 p V . Assuming (i), there is a consistent T-labeling of A which is -related with '. The latter condition implies that lifts to an B S-labeling of A such that = p V and = '. Hence r 2 C. On the other hand, the consistency of means that r 2 (ker ) E(A) , in contradiction with C \(ker ) E(A) = ;. Therefore (i) implies (ii).
(ii))(iii) is trivial since there is some onto homomorphism B S ! S. The equivalences (ii),(iv) and (iii),(v) follow routinely from general properties of B S. and only if there is a pseudoidentity = over a nite alphabet B and an onto homomorphism : B S ! S such that s = , t = , and p V = p V , i.e., the condition s = t is an instance of the pseudoidentity = in S, a pseudoidentity which is valid in V. So, to test membership of S in V we only need to check whether for no two distinct members s and t of S, ' is V-inevitable.
A pseudovariety V is said to be locally nite if, for every nite set B, B V is nite. We further say that a pseudovariety V is order-computable if it is decidable and there is a computable function f : N ! N such that, for every nite set B, j B Vj f(jBj). Then the least such function is also computable. Equivalently, V is order-computable if and only if V is locally nite and there is an algorithm computing, for each nite set B, the semigroup B V.
A pseudovariety is said to be monogenic if it is generated by a single semigroup. Note that every monogenic pseudovariety is order-computable. Indeed, if S is a nite semigroup and V is the pseudovariety it generates, then, for a nite set B, B V is the largest B-generated subsemigroup of S S B . The pseudovariety of bands is a well-known example of an order-computable pseudovariety which is not monogenic (see, for instance, 18]).
Order-computable pseudovarieties usually appear in general decidability results. Hyperdecidable pseudovarieties are proposed here as an useful generalization. Indeed, in view of Proposition 3, to test V-inevitability for a labeling of a nite graph A by a nite semigroup S, it su ces to verify whether there is a related consistent S V-labeling for one speci c relational morphism S ! S Vwhich can be e ectively constructed. Corollary 5. Every order-computable pseudovariety is hyperdecidable.
When looking for examples of hyperdecidable pseudovarieties, a possible candidate that naturally comes to mind is S itself. From the point of view of the applications considered in this paper, it is not an interesting example since it is an absorbing element both for semidirect product and join. Nevertheless, let us discuss it brie y as what seems to be a nontrivial open problem.
Let ' be a labeling of a nite graph by a nite semigroup S. By considering the identity mapping S ! S as a relational morphism, we conclude that a necessary condition for ' to be V-inevitable when S 2 V is that ' be consistent. At rst sight, one might expect consistency of ' to be also a su cient condition for S-inevitability, but it is not as the following example shows. Example 6. Let Sl denote the pseudovariety of all nite semilattices and let S = fx;yg Sl, a semilattice with three elements, namely x, y and xy = 0. Consider the graph A with one vertex and two loops a and b and its labeling ' in S giving the labels 0 to the vertex and x and y to the two loops a and b, respectively. Clearly ' is consistent. We claim that there is no lifting of ' to a consistent labeling' : A ! fx;yg S such that'p Sl = ', thereby showing by Proposition 3 that ' is not S-inevitable. Suppose 
Hyperdecidability versus Ash's property in the group case
We examine in this section the relationship between hyperdecidability of a pseudovariety H of groups and a related property which only makes sense for pseudovarieties of groups and which was established by C. J. Ash for the pseudovariety G of all nite groups.
Let A be a graph and S a semigroup. An S-arrow labeling of A is just a function ' : E(A) ! S. In case S is a group, ' is said to commute if, for every circuit a 1 ; a 2 ; : : : ; a k in the underlying undirected graph, the corresponding label product (a 1 ') 1 (a 2 ') 1 : : : (a k ') 1 is equal to 1 in S, where we take a i ' in the product if a i is an arrow pointing in the forward direction in the circuit and (a i ') ?1 if a i appears in the opposite direction. For a relational morphism between two semigroups labeling the arrows of the same graph, the notion of -related arrow labelings is analogous to the notion of -related labelings presented in section 3.
Let H be a pseudovariety of groups. An S-arrow labeling ' of the graph A is said to be Hinevitable according to Ash if, for every relational morphism : S ! G with G 2 H, there is some commuting G-arrow labeling of A which is -related with '. We say that H has Ash's property if there is an algorithm to test the H-inevitability according to Ash of any given arrow labeling of a nite graph by a nite semigroup. Ash 11] proved that G enjoys this property and this result is considered one of the deepest theorems in nite semigroup theory. commuting G-arrow labeling ofÂ which is -related with'. Let 0 be the G-labeling of A given by v 0 =ṽ for v 2 V (A) and a 0 = a for a 2 E(A). Given an arrow a 2 E(A), we have a circuit a ; a;ã! inÂ for which, since commutes, the equality (a 0 )(a 0 )(a! 0 ) ?1 = 1 is veri ed, and so (a 0 )(a 0 ) = a! 0 . This shows that 0 is consistent and it is obviously -related with '.
Conversely, suppose that ' is H-inevitable. Let : S 1 ! G be a relational morphism with G 2 H. Let be the restriction of to S. Since ' is H-inevitable, there is some consistent G-labeling of A which is -related with '. Consider the associated G-arrow labeling^ of the coneÂ. Then^ is -related with'. To verify that^ commutes, note that, if a is an arrow of A, then the consistency of implies that (a )(a )(a! ) ?1 = 1. Let a 1 ; a 2 ; : : : ; a k be a circuit of the undirected graph underlyingÂ. We must show that 
Without loss of generality, we may start by assuming that the circuit is simple in the sense that no shorter nontrivial path contained in it is still a circuit. For the purpose of establishing (1) Conversely, suppose that ' 0 is H-inevitable. Let : S ! G be a relational morphism with G 2 H. Then there exists a consistent labeling of A by G which is -related with ' 0 . Let be the restriction of to the arrows of A. It then su ces to show that commutes. Indeed, by 1 In particular, for v = v0, the path is empty and we take v0' 0 = 1 for the empty product. 
Hyperdecidable pseudovarieties of semigroupoids
The de nitions and results of section 3 carry over without much ado to the realm of semigroupoids. We start this section by discussing them brie y.
Given a graph A and a semigroupoid S, an S-labeling of A is a function ' : A ! E(S c ) such that E(A)' E(S) and, for each a 2 E(A), a '! = a' , a!' = a ' , and a!'! = a'!; in graphical terms which are perhaps easier to read, this condition means that the edges a ', a' and a!' must be as in the following picture:
We say that the S-labeling is consistent if, for every edge a 2 E(A), (a ')(a') = a!'. If V is a pseudovariety of semigroupoids and S is a nite semigroupoid, then we say that an S-labeling ' of a nite graph A is V-inevitable if, for every relational morphism : S ! T with T 2 V (canonically extended to c : S c ! T c ), there is a consistent T-labeling of A which is -related with '. The pseudovariety V of semigroupoids is hyperdecidable if there is an algorithm testing, for a given nite semigroupoid S and an S-labeling ' of a nite graph A, whether ' is V-inevitable.
The proof of the following proposition is entirely analogous to its semigroup counterpart and is omitted. The statement is not as complete as in the semigroup case since the relevance of the language-type conditions is not envisaged. Recall that, for a pseudovariety V of semigroups, gV denotes the pseudovariety of semigroupoids generated by the elements of V viewed as one-vertex semigroupoids.
For a pseudovariety W of semigroups and a nite graph B, let " W : B gW ! E(B) W be the canonical functor induced by the mapping B ! E(B) W identifying all vertices and which sends each edge to the corresponding generator of E(B) W. By Proof. For the if part of the statement, suppose ' is a labeling of a nite graph A by a nite semigroup S. Assuming gV is hyperdecidable, we show how to decide whether ' is V-inevitable.
Consider any relational morphism : S ! T with T 2 gV. Since de nes a function mapping vertices to vertices, it follows that the image of is actually contained in a local semigroup T 0 of T.
Since T 2 gV, we deduce that T 0 2 V. Hence, when considering relational morphisms from S into T 2 gV so as to test whether ' is gV-inevitable, we only deal with the case T 2 V. Thus, testing V-inevitability of ' is the same as testing gV-inevitability, and so V is hyperdecidable.
Conversely, assume that V is hyperdecidable. Let ' be a labeling of a nite graph A by a nite semigroupoid S. By Proposition 9, it su ces to x a quotient functor : B Sd ! S and decide whether there is a lifting of ' to an B Sd-labeling ' ' 00 = ' 0 " S , and so ' 0 = ' 0 " S = ' 00 = ' which implies ' 0 = ' since is injective on E(S). Moreover, ' 0 p gV " V = ' 00 p V is consistent. Since consistency means a bunch of equalities between coterminal edges and " V is faithful, it follows that ' 0 p gV is a consistent labeling of A. Hence ' is gV-inevitable.
Remark 11. Since the graph does not change in the preceding proof, Proposition 10 could be stated in terms of hyperdecidability relative to labelings of any given class of nite graphs.
Decidability of semidirect products
Say that a pseudovariety V of semigroupoids has vertex-rank or v-rank n if n is the smallest non-negative integer such that V admits a basis of pseudoidentities over graphs with at most n vertices. In case no such integer n exists, then we say that V has in nite v-rank. Note that, for a pseudovariety V of nite semigroups, gV has v-rank 1 if and only if V is local. To formulate a particular case of Theorem 12 which does not make reference to semigroupoids, we rst introduce the notion of rank of a pseudovariety of semigroups. The rank of a pseudovariety V of semigroups, denoted rank V is the smallest integer n 0 such that (if any such integer exists), for every nite semigroup S, if T 2 V for every n-generated subsemigroup T of S, then S 2 V; if no such n exists, then we write rank V = 1 and we say that V has in nite rank.
For example, rank S = 0, rank A = rank G = 1, rank J = 2, and rank V(B Similarly, we de ne the rank of a pseudovariety V of semigroupoids, denoted rank V, to be the least non-negative integer n such that (if any such integer exists), for every nite semigroupoid S, if T 2 V for every graph A of cardinality at most n and every A-generated subsemigroupoid T of S, then S 2 V; if no such integer exists, then we say that V has in nite rank and we write rank V = 1. Since the veri cation in a semigroupoid S of a pseudoidentity over a graph A involves only verifying the same pseudoidentity in all A-generated subsemigroupoids of S, the rank of a pseudovariety V of semigroupoids is precisely, if it exists, the least non-negative integer n such that V admits a basis of pseudoidentities over graphs of cardinality at most n.
The following result relates the two notions of rank.
Proposition 13. If V is a pseudovariety of semigroups of nite rank containing B 2 , then rank gV 2 rank V + 1 and v-rank gV rank V + 1. Proof. The proof depends on results of 6]. It is shown in 6] how to associate with each semigroup pseudoidentity u = v on n variables satis ed by B 2 a semigroupoid pseudoidentity (u = v; A u ) over a graph A u in at most n + 1 vertices and with at most n edges. This de nition is such that, if is a set of semigroup pseudoidentities valid in B 2 and 0 is the set of associated semigroupoid pseudoidentities, then g ] ] = 0 ] ]. Now, if a pseudovariety V has rank n, then a nite semigroup S lies in V if and only if all its n-generated subsemigroups do, i.e., if and only if all pseudoidentities in n variables which are valid in V are also valid in S. Hence V is de ned by the set of all pseudoidentities in n variables which are valid in V. Assuming B 2 2 V, we know in addition that all such pseudoidentities are valid in B 2 . By the above, it follows that gV = 0 ] ], 0 being a set of pseudoidentities over graphs with at most 2n + 1 elements (vertices and edges) of which at most n + 1 are vertices. Now, to verify a semigroupoid pseudoidentity over a graph A, we have to verify it in all Agenerated subsemigroupoids. Hence gV has rank at most 2n + 1 and v-rank at most n + 1. In an early phase of the work leading to this paper, a mistake led the author to argue as if hyperdecidability and strong decidability were equivalent notions. Although such an equivalence remains an open problem, it seems now rather unlikely that it should hold. We now discuss brie y how such a mistake led to a widely circulated announcement of a proof of computability of the Krohn-Rhodes complexity.
In terms of pseudovarieties, the Krohn-Rhodes Decomposition Theorem 21] states that every nite semigroup S lies in some iterated semidirect product instead of using Theorem 14, one could try to use Theorem 12 directly, which requires bounding the v-rank of the globals of the successive complexity classes. This seems much more feasible and in fact the author has reasons to believe that the v-rank of each g(A G) n is 1, which would simplify the approach to the computability of complexity by requiring only the 1-hyperdecidability of A. A further alternative which would lead to much more general results would be to drop the v-rank condition in Theorem 12, strengthening n-hyperdecidability to hyperdecidability, but again it remains an open problem whether this is possible.
In conclusion, the author believes that the notion of hyperdecidability may lead to a more general uniform type of solution for the decidability problem of semidirect products of pseudovarieties and that this notion may also be relevant for the corresponding problem for joins. Theorems 12 and 15 are rst steps in that direction.
